




















�ijkl = � jilk = �klij = �lkji,

�ijlk = 1/�ijkl,

�iklj = 1/�1 − �ijkl� ,

�A1�
�ikjl = 1 − �ijkl,

�ilkj = �ijkl/�1 − �ijkl� ,

�iljk = ��ijkl − 1�/�ijkl.

Additionally, we can obtain new cross ratios from existing
ones by multiplication,

�ijkl� jmkl = �imkl. �A2�

Using these facts, we need to show that we can write
�PQRS for any distinct P ,Q ,R ,S� �1,2 , . . . ,N� in terms of
elements from ��1234,�2345, . . . ,��N−3��N−2��N−1�N�. First, note
that we can rewrite Eq. �A2� as a function Fj, which takes
two cross ratios �ijkl and � jklm �with indices in order�, per-
mutes the indices as necessary to eliminate zj, executes the
multiplication, and returns the product with its indices in
order,

Fj��ijkl,� jklm� = �iklm. �A3�

Observe, however, that Fj is just shorthand for a composition
of elementary functions from Eq. �A1�,

Fj��ijkl,� jklm� =
1

1 − �ijkl�� jklm − 1�/� jklm
. �A4�

We can also define the analogous functions Gk and Hl,

Gk��ijkl,� jklm� = �ijlm,

�A5�
Hl��ijkl,� jklm� = �ijkm.

These functions have their own compositions like that of Fj

in Eq. �A4�.
Let �pqrs correspond to the permutation of �PQRS in

which the indices are in order. We can write �PQRS in terms
of �pqrs using one of the functions in Eq. �A1�. Thus, the
problem reduces to showing that we can obtain �pqrs from
the elements of ��1234,�2345, . . . ,��N−3��N−2��N−1�N� by elimi-
nation of the indices between p, q, r, and s using the opera-
tions Fj, Gk, and Hl.

If there are one or more indices between i and j, we say
there is a gap between i and j. Now observe that we can
obtain the first gap between p and q using only �ijkl with no
gaps; we grow this gap iteratively one index at a time by the

operation Fk��pk�k+1��k+2� ,�k�k+1��k+2��k+3��=�p�k+1��k+2��k+3�. We
can then grow the second gap between q and r to its full size
using only �ijkl that have no gaps between j and k or k and l
�each of which could be made from �ijkl with no gaps� using
the operation Gk��pqk�k+1� ,�qk�k+1��k+2��=�pq�k+1��k+2�. Finally,
we can create the third gap between r and s using only �ijkl

with no gaps between k and l �which could be made from
�ijkl with fewer gaps� using the operation
Hk��pqrk ,�qrk�k+1��=�pqr�k+1�.

Since each �ijkl �with i
 j
k
 l� can be built up from
�ijkl with fewer gaps, the proof is complete: All N ! / �N
−4�! cross ratios are dependent on the elements of
��1234,�2345, . . . ,��N−3��N−2��N−1�N�.
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