





























043104-11 Phase oscillators and the Md&bius group

Nijit = Njite = Naij = Nigio
Nijie = 1/Nijuas

Niggj = 1/(1 = Nyjig) s
(A1)
Nigji =1 = Nyjigs

Nij = N/ (1 = Nyjra)

Nije = Nije = DINjig.-
Additionally, we can obtain new cross ratios from existing

ones by multiplication,

NN jmkt = Niit (A2)

Using these facts, we need to show that we can write
Apors for any distinct P,Q,R,S€{1,2,...,N} in terms of
elements from {\ 234, N2345. - - » N\v—3)(v—2)(v—1)n}- First, note
that we can rewrite Eq. (A2) as a function F;, which takes
two cross ratios N, and N, (with indices in order), per-
mutes the indices as necessary to eliminate zj, executes the
multiplication, and returns the product with its indices in
order,

Fi(N s Njiam) = Nt -

Observe, however, that F is just shorthand for a composition
of elementary functions from Eq. (A1),

1
1= NN = D/ N jam”
We can also define the analogous functions G, and H,,

GiNijias N jim) = Nijims

(A3)

F (N i Njiam) = (A4)

(AS)
Hi(Nijii Njiam) = Nijiom-

These functions have their own compositions like that of F;
in Eq. (A4).

Let N, . correspond to the permutation of Apggs in
which the indices are in order. We can write A pggg in terms
of N\, using one of the functions in Eq. (Al). Thus, the
problem reduces to showing that we can obtain A, from
the elements of {\534. 2345, - - » Nv—3)(v—2)(v—1)v) DY elimi-
nation of the indices between p, ¢, r, and s using the opera-
tions F;, Gy, and H,.

If there are one or more indices between i and j, we say
there is a gap between i and j. Now observe that we can
obtain the first gap between p and g using only \;;, with no
gaps; we grow this gap iteratively one index at a time by the
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operation F, k(7\pk(k+1)(k+2) > )\k(k+l)(k+2)(k+3)) = )\p(k+1)(k+2)(k+3)- We
can then grow the second gap between ¢ and r to its full size
using only A;j; that have no gaps between j and k or k and [
(each of which could be made from \;j, with no gaps) using

the operation Gp(Npgr(ke1)> Ngi(is 1)(k+2) = Npg(s 1)(k+2)- Finally,
we can create the third gap between r and s using only \;;y,
with no gaps between k and / (which could be made from
Nju ~ with  fewer  gaps) using the  operation
Hk()\pqu > )\qu(k+1)) = )\pqr(k+l)'

Since each Ny (with i <j<k<I) can be built up from
Niju with fewer gaps, the proof is complete: All N!/(N
—4)! cross ratios are dependent on the elements of

N 12345 Na3ass - s Nv—3)(v—2) (V- 1N
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